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A procedure which allows to test the hypothesis that the spectral peak frequencies of two stochastic processes are
equal is proposed. The method is based on drawing new realizations of the periodograms from the two estimated
spectra in order to reestimate the spectra and to obtain the distribution of the peak frequency difference. We
investigate the size and the power of the test in simulation studies and apply the new method to human tremor data.

1 Introduction

Spectral analysis is frequently applied to investigate os-
cillatory phenomena in basic medical and biological re-
search (Marsden et al., 1969a; Marsden et al., 1969b;
Nelson et al., 1979; Giinther, Brunner and Klufimann,
1983; Cleeves and Findley, 1987; Hefter et al., 1987;
Clayton et al. 1995; Beuter, 1996; Pinna, Maestri, Di
Cesare, 1996; Hutchinson et al., 1997) and medical treat-
ment monitoring (Herrmann, 1982; Khutorskaya and
Fjodorova, 1996). Usually, the peak frequency and the
power of the oscillation are of major interest. Often, it is
desirable to decide whether differences in the observed
spectral peak frequencies of two estimated spectra are
significant, i.e. to test the hypothesis of a zero peak fre-
quency difference.

We propose a procedure to test this hypothesis. It
is inspired by the parametric bootstrap (Efron and Tib-
shirani, 1993) and the theory of the spectral estima-
tion (Brockwell and Davis, 1987). General aspects of
bootstrapping in the frequency domain are discussed in
Franke and Hardle (1992), Janas and Dahlhaus (1994)
and Dahlhaus and Janas (1995). A resampling proce-
dure to obtain a confidence region for the spectral peak
frequency is given in Timmer et al. (1997).

In the next section we briefly summarize parts of the
theory of spectral estimation and describe the estimation
procedure used in this study. In Section 3 we introduce
the test procedure. In Section 4 simulation studies are
reported which investigate the size and the power of the
test. Finally, the procedure is applied to tremor data.

2 Spectral estimation

The spectrum S(f) of a stochastic process X (t)cz is
defined as the Fourier transform of the autocovariance
function ACF(7):

ACF(r) = EX(@)X(t+71)) (1)

S(f) = %ZACF(T)exp(QwifTL (2)

where ”FE(.)” denotes expectations (Brockwell and
Davis, 1987). One procedure to estimate the spectrum
is based on the Fourier transform d(f) and the peri-
odogram Per(f) of the data x(t);—; . n (which are usu-
ally tapered to reduce spectral leakage):

N
1
d = z(t) exp (2mi ft 3
() = Jox o eweify
Per(f) = [d(f)? (4)
and is evaluated for the frequency bins:
k N -1 N
fk*ﬁ: k*_T,7? . (5)

For two different frequencies f and f, Per(f) and
Per(f) are asymptotically independent. For f, ¢
{0, 0.5} the periodogram is asymptotically distributed

as 1
Per(fi) ~ §S(fk)><§ - (6)

Thus, the expectation of the periodogram is the
spectrum but the periodogram is not a consistent es-
timator for the spectrum. To estimate the spectrum
consistently, the periodogram is smoothed by a window
functionW):

h
Yowi=1 . (7

j=—h

h
S(fi) = Y W, Per(figs)

j=—h

Other methods to estimate the spectrum as well as gen-
eral aspects of spectral estimation concerning the choice
of the window function W; and its width 2h+1 are given
in Brockwell and Davis (1987).

The optimal width 2h + 1 of the smoothing window
depends on the curvature of the true spectrum. For large
curvature the width should be smaller than for a small
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the spectral estimation. Such a frequency dependent
smoothing procedure has been proposed in Timmer et
al. (1996). This data driven algorithm was developed for
an optimal estimation of the spectrum in the region of
the main peak, i.e. the global maximum of the spectrum.
It proceeds in five steps:

1. A preliminary spectrum is estimated by uniform
smoothing (h = hg). hg has to be chosen depending
on sampling rate and the number of data.

2. The width w of the peak is determined by difference
of the two frequencies left (f;) and right (f,) to the
peak frequency (f,) where the power decreased to
half the value at the peak.

3. A larger width of the peak corresponds to a smaller
curvature of the spectrum at the peak, calling for a
larger bandwidth of the smoothing window. There-
fore, the smoothing width at the peak is determined
by:

gy = I ®

where b is a parameter to be chosen depending on
the sampling rate.

4. Moving away from the peak, the curvature de-
creases. Thus the width of the smoothing window
should increase. We chose a linear increase deter-
mined by:

fi — fo
2hg

fr - fO
2hg

(9)

S =a

(10)

Sy =a

mln(h(fO) + Sl(fk - fO):hmaz) s fk S fO
min(h(fo) + sr(fr — fo) hmaz) , fr % f()]
11
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a is a parameter to be chosen depending on the
sampling rate. h,,.; represents a upper limit for
the smoothing width to prevent oversmoothing.

5. The spectrum is estimated by smoothing with the
frequency dependent kernel width. As smoothing
kernel W; we chose a triangular one:

1 .
eI (12)

A more detailed description of the estimation procedure
and applications to measured data are given in Timmer
et al. (1996).

If two different processes are given, it is often of interest
to assess the difference between the peak frequencies of
the spectra of the two processes. Th/e\ difference of the
estimated peak frequencies ff and f¥ provides a nat-
ural estimate. However, further statistical inference is
difficult, as the distribution of this estimate cannot be
calculated analytically.

Therefore, we propose the following resampling pro-
cedure.

(1) Estimate the spectra of the two processes from the
data.

(2) Estimate the difference Af of the peak frequencies
P and f¥ of the two processes by Af := fF — fP.

(3) Simulate numerous periodograms from the esti-
mated spectra according to eq. (6).

(4) For each pair of simulated periodograms reestimate
the spectra according to eq. (7-12) and the differ-

ence A\f* of the peak frequencies.

(5) Obtain the distribution of (&\f* - Ef) and reject
the null hypothesis if Af is smaller than the lower
a/2 quantile or larger than the upper /2 quantile.

By (5) we take into account the first guideline for boot-
strapping hypothesis tests by Hall and Wilson (1991).
This version of the test is called variant 1 in the follow-
ing. The second guideline of Hall and Wilson suggests
to divide the test statistic by an estimate of the scale
of the test statistic, i.e. to perform some kind of pivot-
ing. Now the variance of the peak frequency estimator
is inverse proportional to the curvature at the peak and
the curvature is inverse proportional to the square of the
width of the peak assuming that a parabolic approxima-
tion is valid. As we can hope to estimate the widths of
the peaks rather reliable by the empirical widths w;, ;=12
we have a good candidate for pivoting. The width w is
again defined as the difference of the frequencies of half
power right and left to the peak.
Hence in variant 2 we consider the bootstrap distri-
bution: PN
Af —Af
\/wf? + 11)52

and reject the null hypothesis if 37/\/11)% + w3 is
smaller than the lower a/2 quantile or larger than the
upper a/2 quantile.

In bootrapping the periodograms based on eq. (6),
we assume independence of the periodogram among all
frequency bins. Asymptotically, for two fixed frequencies
the values of the periodogram are indeed independent.

First, however, two adjacent values of the peri-
odogram might show correlations independent of the

(13)
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1987). The proposed procedure does not take these cor-
relations into account but this can be justified by the
fact that they decay rapidly within some frequency bins
and the smoothing usually involves more frequency bins
than that correlation length.

Second, in the case of nonlinear or non-Gaussian
processes, there might be higher order correlations,
e.g. triple correlations described by the bispectrum
(Nikias and Mysore, 1987). For oscillatory, i.e. non
chaotic, processes these higher order correlations usually
appear for harmonically related peaks. Since the pro-
posed procedure only considers the distribution of the
periodogram in the neighbourhood of the global maxi-
mum, it can be justified that these correlations are not
taken into account.

4 Simulation Studies

For the simulation studies we choose linear autoregres-
sive (AR) processes since for these processes the param-
eters can be calculated analytically for a desired spectral
peak frequency. The parameters chosen for the simula-
tion are inspired by observed properties of spectral peaks
of time series from human hand tremor, for examples see
Timmer et al. (1996).

4.1 Design of the simulation study

An AR process of order p is given by :

z(t) = Zaim(t —i) + €(t) (14)

where €(t) denotes i.i.d. Gaussian random variables with
zero mean and variance 0. Such processes can be inter-
preted in terms of physics depending on the chosen pa-
rameters as a combination of relaxators and damped os-
cillators (Honerkamp, 1993). For example, in the case of
an AR process of order 2 (AR[2]) with appropriate cho-
sen parameters a; and as a damped oscillator is given.
The characteristic period T', respectively the frequency
f =1/T, and relaxation time 7 are related to the pa-
rameters by:

ar = 2cos <2%> exp (—1/7) (15)
ay = —exp(=2/7) (16)
The spectrum of an AR[2] process is given by:
2
S(f) = % 1= ale*”; _ a2€74m‘f|2 (17)
and the peak frequency is located at:
fpear = arccos(cos(2m/T) cosh(1/7)) (18)
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on the width of the peak we choose two AR[2] processes
and investigated the three possible combinations of these
processes. With respect to the null hypothesis we con-
sider process 1 associated with a broad spectral peak
(characteristic times 77 = 50 and 7; = 100, correspond-
ing to a; = 1.964486 and ay = —0.980199) and process
2 showing a sharp spectral peak at the same frequency
(characteristic times Ty = 50.15 and 1 = 500, corre-
sponding to a; = 1.980359 and ay = —0.996008).

To give a more vivid impression of the results and to
faciliate the comparison with the applications in Section
5 we regard the data as sampled with 300 Hz again in-
spired by common setting in tremor recordings. By this
transformation the peaks are located at approximately
6 Hz. Fig. 1 displays the spectra of the two processes
according to (17) for the frequency range 0-30 Hz and
their widths of half power (0.98 Hz for process 1, 0.19
Hz for process 2). To investigate the power of the test,
we consider alternatives where the peak frequency of one
process is shifted to higher frequencies keeping its width
constant.

1.0e+02 T T

1.0e+00

Power [a.u.]

1.0e-02

1.0e-04 i ' '
0 10 20 30
Frequency [Hz]

Figure 1: Spectra of the two AR[2] processes used in the
simulation study (solid line: process 1; dashed line: process
2). The widths of half power are marked with vertical dotted
and dashed lines, respectively.

We investigate the behavior of the test for time se-
ries of length 2000, 10000, and 50000 data points. 10000
data points is a typical amount of data in tremor mea-
surements as well as in other electrophysiological record-
ings like EEG, MEG and EMG. The frequency binning
is 0.15 Hz for the time series of length 2000, 0.03 Hz
for those of length 10000 and 0.006 Hz for time series
consisting of 50000 data points.

We use the pseudo-random-number generator GAS-
DEV and RAN2 from Press et al. (1992) to generate
the driving noise €(t) of the AR processes and to resam-
ple the periodograms. All programs are written in C,
the simulations were done on unix workstations. The
parameters specifying the spectral estimation in (8-11)
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dependent repetitions of the simulation study. In each
repetition of the simulation we use 500 bootstrap sam-
ples. In rejecting the null hypothesis we use the 25th
and the 476th of the ordered values as quantiles, cor-
responding to a nominal significance level of 10 %. As
the spectrum is evaluated at the frequency bins all test
statistics are discrete and it arises the question of appro-
priate boundaries in presence of ties. In variant 2 due to
pivoting (eq.(13)) the problem is negligible. In variant
1 we consider the anticonservative version where both
quantiles are within the region of rejection, but as we
will show even for this version variant 2 has asymptoti-
cally more power.

4.2 Results of the simulation studies

Fig. 2 shows the results of the simulation study for the
three combinations of the processes, the different lengths
of the time series and the two variants of the test. In
any case we observe an extreme conservative behavior:
The actual niveau of the test is close to 0, although the
nominal niveau of 10%. In spite of this extreme conser-
vativism the test shows a large power. For example, see
Fig. 2a, we can expect a power of 0.9 for time series of
length 10000 of process 1, if the difference of the peak
frequencies is 0.5 Hz, corresponding to approximately
half the width of the peak. For the time series of length
10000 and 50000 variant 2 is always more powerful than
variant 1, in spite of the anticonservative choice of the
critical region for variant 1. As expected the power in-
creases with the length of the time series. Comparing
Fig. 2a-c confirms the expectation that a violation of
the null hypothesis is the faster detected the sharper the
two peaks under investigation are.

5 Application

We apply the proposed test procedure to three pairs of
human hand tremor time series recorded under different
conditions from patients suffering from Parkinson’s dis-
ease. All time series are of length 30000 data points and
sampled with 300 Hz. We chose a significance level of 1
% which is determined by 5000 resampled periodograms.

The first example investigates the effect of an uni-
lateral high frequency electrical stimulation in the ven-
tral intermediate thalamic nucleus (Benabid et al.,1991)
on the frequency of the postural tremor. Fig. 3a shows
the estimated spectra with stimulation (solid line) and
without stimulation (dashed line). The spectra were es-
timated from time series of the electromyogram, i.e. the
muscle activity measured by surface electrodes, obtained
from the left hand’s extensor. The spectrum of the
time series without stimulation exhibits higher harmon-
ics typically for Parkinsonian tremor. The peak fre-
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Figure 2: Power of the test in dependence of the peak fre-
quency difference. Test variant 1 (solid lines), variant 2
(dashed lines). N = 2000 (¢), N = 10000 (W), N = 50000
(A). a: Both processes are process 1. b: Combination of
processes 1 and 2. c: Both processes are process 2.

quency is located at 4.9 Hz. Obviously, the stimulation
is successful in reducing the power of the oscillation by
a factor of ten. Under stimulation the peak frequency
is located at 6.27 Hz. The difference between the peak
frequencies is 1.37 Hz, the pivotized difference is 1.99.
Variant 1 of the test yields a 0.5 % quantile of the peak
frequency difference distribution assuming the null hy-
pothesis of equal spectral peak frequencies at -0.30 Hz
and a 99.5% quantile at 0.33 Hz, variant 2 gives respec-
tive values of -0.31 and 0.34. Thus, the hypothesis of
equal frequencies has to be rejected at the 1% level.
The second example examines the effect of a medica-
tion by Botulinum Toxin (Botox). This drug is usually
applied to treat dystonia. In this case the patient suf-
fered from a hand dystonia and showed, additionally, a
Parkinsonian hand tremor. The Botox was applied ap-
proximately 20 days prior to the second recording (mus-
culus flexor ulnaris 15 units, musculus flexor digitorum
profundus 10 units, musculus flexor pollicis longus 10
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Figure 3: Estimated spectra of EMG and hand tremor time
series from patients suffering from Parkinson’s disease. a:
Extensor EMG with (solid line) and without (dashed line)
electrical stimulation of the thalamus. b: Extensor EMG
with (solid line) and without (dashed line) treatment with
Botulinum Toxin. c¢: Acceleration of the hand with med-
ication by Propanolol (solid line) and by Metixen (dashed
line).

Units). The estimated spectra, again based on the elec-
tromyogram, in Fig. 3b reveal no large effect either on
the variance nor on the harmonic structure, as expected
since Botox have not been applied to treat the tremor.
Before treatment the peak frequency is located at 3.97
Hz. After treatment the peak occurs 0.6 Hz lower at 3.37
Hz. The pivotized difference amounts to 1.69. Variant 1
of the test gives a critical region for the null hypothesis
of equal peak frequencies outside -0.17/0.20 Hz, variant
2 yields -0.35/0.44. Thus, while not affecting the am-
plitude and the nonlinear type of oscillation reflected by
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the frequency of the Parkinsonian tremor.

In the third example the effect of two different drugs
(Propanolol and Metixen) on the peak frequency of the
tremor measured by the acceleration of the hand is in-
vestigated. The peak frequencies are located at 4.83,
respectively 4.73 Hz, resulting in a difference of 0.1 Hz
and 0.21 for the pivotized version. The critical values for
the hypothesis of a zero spectral peak frequency differ-
ence of test variant 1 are -0.23/0.20 Hz, those of variant
2 are -0.38/0.35. Thus the null hypothesis can not be
rejected at the 1 % level.

For all three examples the ratio of the test statistics
and the critical values are larger for the pivotized variant
2 of the test. For the firtst two examples, variant 2 allows
rejection at a lower significance level than variant 1. This
confirms the results of the simulation study with respect
to the larger power of variant 2 for this number of data
points.

6 Conclusion

Testing for a difference between spectral peak frequen-
cies allows to judge the variability of oscillatory phenom-
ena, e.g. effects of treatment like medication, stereotactic
surgery or electrical stimulation on Parkinsonian tremor
or the significance of temporal, biological fluctuations of
the tremor peak frequency.

The simulation studies revealed that the proposed
test procedure is extremely conservative. This is a conse-
quence of the smoothing of the periodogram to estimate
the spectrum. Since the smoothing kernel is positive,
the estimated spectra on which the resampling is based
exhibit a width which is too large corresponding to an
underestimation of the curvature at the peak. The con-
servativism is contrasted by the good power of the pro-
cedure. The simulation studies to investigate the power
of the test were designed to match conditions which are
met in typical clinical data recordings. A relative dif-
ference in peak frequencies in the order of 10 % can be
detected reliably by the test.

We are confident that the proposed procedure will
help to judge results of spectral analysis in a more quan-
titative way than possible up to now.
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