Molecular Cell, Vol. 9, 957-970, May, 2002, Copyright (12002 by Cell Press

Mathematical Models of Protein Kinase

Signal Transduction

Reinhart Heinrich,' Benjamin G. Neel,?
and Tom A. Rapoport®*

"Institute of Biology

Department of Biophysics
Humboldt-University

42 Invalidenstrasse

Berlin, D-10115

Germany

2Division of Hematology-Oncology
Department of Medicine

Beth Israel Deaconess Medical Center and
Harvard Medical School

330 Brookline Avenue

3Howard Hughes Medical Institute and
Department of Cell Biology

Harvard Medical School

240 Longwood Avenue

Boston, Massachusetts 02115

Summary

We have developed a mathematical theory that de-
scribes the regulation of signaling pathways as a func-
tion of a limited number of key parameters. Our analy-
sis includes linear kinase-phosphatase cascades, as
well as systems containing feedback interactions,
crosstalk with other signaling pathways, and/or scaf-
folding and G proteins. We find that phosphatases
have a more pronounced effect than kinases on the
rate and duration of signaling, whereas signal ampli-
tude is controlled primarily by kinases. The simplest
model pathways allow amplified signaling only at the
expense of slow signal propagation. More complex
and realistic pathways can combine high amplification
and signaling rates with maintenance of a stable off-
state. Our models also explain how different agonists
can evoke transient or sustained signaling of the same
pathway and provide a rationale for signaling pathway
design.

Introduction

An enormous amount of information has accumulated
about the components of various signaling pathways,
their interplay, and their final output. However, the com-
plex nature of these pathways renders it extremely diffi-
cult to understand how they are regulated and which
parameters determine their dynamics. For example, how
do the magnitudes of signal output and signal duration
depend on the kinetic properties of pathway compo-
nents, such as kinases or phosphatases? Can high sig-
nal amplification be coupled with fast signaling? How
are signaling pathways designed to ensure that they are
safely off in the absence of stimulation, yet display high
signal amplification following receptor activation? How
can different agonists stimulate the same pathway in
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distinct ways to elicit either a sustained or a transient
response, which can have dramatically different conse-
quences (Marshall, 1995)? These and other questions
can be addressed by a mathematical description of sig-
naling pathways.

Mathematical modeling is a powerful method for the
analysis of complex biological systems. Modeling has
been used extensively to study metabolic networks, re-
sulting in a theory, termed control analysis, that de-
scribes in quantitative terms the role of metabolic en-
zymes in the regulation of pathway fluxes and metabolite
concentrations (Kacser and Burns, 1973; Heinrich and
Rapoport, 1974; Westerhoff and Chen, 1984; Reder,
1988; Hofmeyr et al., 1993; Fell, 1997; Cornish-Bowden
and Cardenas, 2000). Modeling is useful for describing
experimental data, deducing regulatory principles, and
understanding more complex dynamic phenomena
such as oscillations in metabolic pathways (see Heinrich
and Schuster, 1996).

Although some specific pathways and reaction
schemes have been analyzed (e.g., Huang and Ferrell,
1996; Kholodenko et al., 1999; Brightman and Fell, 2000;
Asthagiri and Lauffenburger, 2001), mathematical mod-
eling of signal transduction is at an early stage. A particu-
larly thorough simulation was performed on a signaling
network using experimentally determined rate constants
and component concentrations (Bhalla and lyengar,
1999; Bhalla, 2001). In many other cases, such quantita-
tive kinetic data are unavailable, but even without these
data, mathematical models can enhance our under-
standing of regulatory principles and pinpoint critical
parameters for further experimentation.

We have developed mathematical models for the large
class of receptor-stimulated kinase/phosphatase sig-
naling cascades. We analyze key features, such as the
amplitude of the signal output, and the rate and duration
of signaling. Our results provide insight into the regula-
tory roles of the signaling components and may help to
explain the design of pathways.

Results

Overall Rationale

To simplify the analysis, we first consider a simple linear
signaling cascade in which stimulation of a receptor
leads to the consecutive activation of several down-
stream protein kinases (Figure 1). The signal output of
this pathway is the phosphorylation of the last kinase
which, in turn, can elicit a cellular response (e.g., activa-
tion of a transcription factor). Signaling is terminated by
phosphatases, which dephosphorylate the kinases, and
by inactivation of the receptor, which can involve recep-
tor dephosphorylation, internalization of the receptor-
ligand complex, and/or degradation of the receptor or
ligand.

This general scheme is representative of many signal-
ing pathways. For example, growth factors such as EGF,
PDGF, or NGF stimulate a receptor tyrosine kinase (RTK),
which leads to the activation of three or four consecutive
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Figure 1. Simple Signal Transduction Cascades

In this scheme, R and X; indicate the activated receptor and kinases,
respectively. \ is the rate constant for inactivation of the receptor,
and «; and B; are rate constants for the kinase and phosphatase
reactions, respectively.

downstream kinases (e.g., Raf, MEK, ERK, and RSK)
(Cobb, 1999). Growth factor signals are terminated by
protein-tyrosine phosphatases (PTPs), RTK endocytosis
and degradation, protein serine-threonine phospha-
tases, and dual-specificity and tyrosine-specific MAP
kinase phosphatases (Keyse, 2000). The same type of
scheme can model pathways that include lipid kinases,
such as PI3K, whose reaction products (3-phosphoino-
sitides) help to activate downstream kinases such as
PDK1 and Akt (Toker, 2000; Vanhaesenbroeck and
Alessi, 2000).

Typically, real signaling pathways are more compli-
cated than this simple scheme. Therefore, in later stages
of our analysis, we will consider the effects of crosstalk
between signaling pathways, the binding of kinases to
scaffolding proteins, the requirement that multiple sites
be phosphorylated to activate a kinase, and the partici-
pation of G proteins.

Linear Signaling Cascades

To derive equations that describe the dynamics of the
signaling cascade schematized in Figure 1, we retain
the essentials of reactions while neglecting their mecha-
nistic details. Each phosphorylation step is described
as a reaction between the phosphorylated form X;_; of
kinase i — 1 in the pathway and the nonphosphorylated
form X; of a downstream kinase (i). The phosphorylation
rate for each reaction in the pathway is given by the
expression v, ; = &X;_4 X, where & is the second order
rate constant for phosphorylation by the ith kinase.
These equations implicity assume that the concentration
of each kinase-substrate complex is small compared with
the total concentration of the reaction partners. Assuming
that the concentration of active phosphatase is constant,
dephosphorylation can be modeled as a first order reac-

tion; thus, the dephosphorylation rate of the ith kinase
is given by vg; = BX;, where B; is the rate constant for
dephosphorylation by ith phosphatase.

For all but the first activated kinase in the pathway,
the concentration of each activated kinase i as a function
of time, i.e., X{(t), is given by the solution of the family
of differential equations:

daxX;
dt

= Vpi — Vi = &Xi X — BiXi. (1)

If we define C; = X; + X; as the total concentration of
kinase i (i.e., the sum of the phospho- and dephospho-
forms) and «; = &C; as a pseudo-first order rate constant,
Equation 1 becomes

axi
dt

_ a,x,._1(1 _ ’Ci) ~ BX. @

i

For the first kinase (X;), activation occurs via the stimu-
lated receptor, and inactivation is mediated by phospha-
tase 1. Therefore, in place of Equation 2, we have

% - a1R(t)(1 - ’Ci) ~ BiX, @)

where R(t) is the concentration of the activated receptor
as a function of time.

For our initial analysis, we assume that all pathway
components are inactive basally and then undergo rapid
stimulation, which is modeled by setting the concentra-
tion of active receptor att = 0 to R. Receptor inactivation
by various processes (see above) is approximated by the
equation R(f) = exp(—\t), where 1/\ is the characteristic
time of the active receptor. The smaller the value of A,
the longer the receptor will be in the activated state. In
the limiting case of A — 0, the pathway is permanently
activated.

For any signal transduction system, three key ques-
tions are: (1) How fast does the signal arrive at its desti-
nation? (2) How long does the signal last? and (3) How
strong is the signal? To provide answers to these ques-
tions, we introduce three key parameters: (i) the signal-
ing time, 7, is the average time to activate kinase i; (ii)
the signal duration, 3; is the average time during which
kinase i remains activated; and (iii) the signal amplitude,
S, is the average concentration of activated kinase i.
Occasionally, we also refer to the signaling rate, defined
simply as the reciprocal of the signaling time (v = 1/1,).

The signaling time T; is given by

) )

n =1 where I, = J‘x,(t)dt, and T, = jtx,-(t)dt. @)

i 0 0

I;, the integrated response of X;, is the total amount of
active kinase i generated during the signaling period,
and thus can be used to characterize signal output (As-
thagiri et al., 2000). If one plots X; versus time (Figure
2), I; corresponds to the area under the curve (shaded).
The ratio T;/I;is an average, analogous to the mean value
of a statistical distribution.
The signal duration is given by
Q T

9 = 7 = where Q = JntZX,-(t)dt. (5)
i 0
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Figure 2. Geometric Representation of the Signaling Time T, signal
duration 9, and signal amplitude S.

Shown is the hypothetical time course of the activity of kinase i
in a signaling pathway following receptor stimulation. Geometric
interpretations of the definitions of 7, ¥, and S were based on Equa-
tions 4-6. Note that the definition of S leads to a value that is not
identical with the maximum of the curve.

V; is similar to the standard deviation of a statistical distri-

bution; thus, 9; gives a measure of how extended the

signaling response is around the mean time (Figure 2).
The signal amplitude, S;, is given by

I;

S,‘ = .
29,

(6)
In a geometric representation, S;is the height of arectan-
gle whose length is 29; and whose area equals the area
under the curve Xi(t) (Figure 2).

These definitions can apply to a wide range of signal
shapes, including those that display more than one max-
imum. They require only that the signal eventually re-
turns to its initial ground state (otherwise the integrals
in Equation 4 would not reach afinite value). If the ground
state is attained only at infinite time (i.e., in a permanently
activated pathway; A — 0), signaling time and duration
both tend to infinity, but the amplitudes still have finite
values (derivation not shown; see also below). The above
definitions are most appropriate if the rates of signal
activation and inactivation are of the same order of mag-
nitude. If kinase activation is much faster than inactiva-
tion, the decay of the activated kinase can be used to
characterize signal duration (see below).

Weakly Activated Pathways

A pathway is termed “weakly activated” if all of its com-
ponent kinases are phosphorylated to a low degree
(X; << C). This may occur when the concentration of
activated receptor is low, when the receptor is rapidly
inactivated, and/or when the kinases are present at high
concentrations. Under these conditions, Equation 2 sim-
plifies to

ax;
dt

= aiXi—1 — BiX; o

and the key parameters can be calculated explicitly (Ap-

pendix). For the signaling time through the entire path-
way one obtains

T==+ >, 8
A /§1 B ®
i.e., 7 is the sum of the characteristic times (and thus,
of inverse of the rate constants; see above) for receptor
decay and phosphatase action. Remarkably, under
these conditions T is independent of the kinase rate
constants, and all phosphatases have the same effect
on 7, regardless of their position in the pathway. This is
in contrast to metabolic pathways or most other reaction
schemes, including “strong activation” of signaling
pathways (see below), in which all kinetic parameters
help to determine signaling time.
For signal duration one obtains

1 "1
9= |43l 9
N EB/Z ®

Note that this too is independent of the kinase rate
constants, and all phosphatases have the same effect.
Finally, for signal amplitude one obtains

SoIT%
S = k=1Bx (10)

1
1+ N3 —
=1Bf

where S, is defined as R/2. In contrast to the signaling
time and duration, S depends on the kinetic properties
of all pathway components (i.e., receptor, kinases, and
phosphatases). The above formula shows that high sig-
nal amplitudes are obtained with fast kinases and slow
phosphatases; moreover, the kinase rate constants
have a stronger effect than those of the phosphatases.
Thus, in a weakly activated pathway, kinases regulate
only signal amplitude, not signaling time or duration. In
contrast, phosphatases affect all of these parameters,
and in the same direction; i.e., high amplitude can be
achieved only with long signal duration and slow signal-
ing rate. Analogous expressions for 7,9, and S can be
defined for any intermediate step i. The equations above
show that the signaling time (7) and duration (9) increase
with the position in the cascade (i.e., 7, > 7_1, ¥, > U;_4),
but signal amplitudes can increase or decrease along
the pathway, as discussed below.

Amplification and Dampening

At any step in a signaling cascade, a signal can be
amplified (S; > S;_4), dampened (S; < S;_;), or remain
constant (S; = S;_;). From Equation 10, one can derive
that amplification at step i will occur if

1
<o [1— . 11
Bi < o/ PO, (11)

Thus, amplification requires that the phosphatase rate
constant (B)) for a given reaction is small compared to
the kinase rate constant (o). Amplification at step i also
depends on signal duration at the preceding step (i.e.,
3i-1); when signal duration at step i—1 is long (i.e., large
9;_4), amplification can be achieved even when the phos-
phatase rate constant (for step i) is high. Since signal
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duration increases along the cascade (see above), am-
plification is favored at later steps in a signaling
pathway.

Since the expression within the square root of Equa-
tion 11 must be positive, there is a lower limit for V;_,
at which amplification can occur (9;_y > 1/w); i.e., signal
duration at stepi—1 must be longer than the characteris-
tic time (1/a;) of the next kinase. For 3;_; — o, which
corresponds to the case in which the receptor and/
or an upstream kinase remain permanently activated,
Equation 11 simplifies to 3; < «;. Thus in a permanently
activated pathway (e.g., as might occur in the presence
of a constitutively activated RTK), signal amplification
can be achieved at higher 8 values than in a time-depen-
dent situation.

Examples of how our model predicts that a signal will
traverse a pathway under conditions of weak activation
are shown in Figure 3. If the amplification condition
(Equation 11) is fulfilled for all steps (Figure 3A), the
peak activity (i.e., signal amplitude) of each succeeding
kinase (kinases 1 to 4 in the example) increases. In con-
trast, if the amplification condition is not met at any
step, the amplitudes of successive steps decrease (Fig-
ure 3B). Alternatively, the amplification condition may
be fulfilled only at later steps, owing to the increase in
signal duration 9; along the pathway (see above). In that
case, kinase amplitude could decrease in the upper part
of the signaling cascade, while increasing in the lower
part (inset; Figure 3B).

To evoke an appropriate biological response, the ulti-
mate signal produced by a pathway must be of sufficient
magnitude. Equation 10 implies that the same overall
signal can be achieved with different combinations of
kinase and phosphatase rate constants.

Longer Signaling Cascades Can Give Sharper

and Faster Signals

Our analysis reveals a surprising effect of the length of
the signaling pathway. On the one hand, longer path-
ways tend to increase signaling time and duration (see
Equations 8 and 9). However, longer pathways also per-
mit amplification to be distributed over more steps
(Equation 10), which allows the same signal output to be
achieved with faster individual phosphatase reactions.
Together, these effects can result in a minimum for sig-
naling time and duration at a certain chain length (Figure
4A; curves for 1- and 10-fold amplification). Figure 4B
shows the signal output over time of pathways of differ-
entlengths (2-4 steps), each with the same overall ampli-
fication (10-fold). Clearly, as the number of steps in the
pathway is increased, a signal can travel faster and be
of shorter duration. In very short pathways (e.g., only
two steps), signal amplification can be achieved only
with slow signal propagation and prolonged signal dura-
tion. This is probably biologically undesirable, poten-
tially explaining why signaling cascades generally con-
sist of multiple steps.

Strongly Activated Pathways

“Strong activation” occurs if one or more kinases are
converted essentially completely to the phosphorylated,
activated state. This can occur as a consequence of
extensive stimulation of the receptor or the existence
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Figure 3. Amplification and Dampening in a Weakly Activated Sig-
naling Cascade

(A) Signal amplification along a pathway consisting of four steps.
The parameters used for these calculations were: o, = 1, 3; = 0.5,
A =1, and C; >> 1. The relative concentrations X; of the individual
activated kinases in the pathway were plotted versus time. The
activities were normalized to the highest amplitude achieved by any
kinase (set as 1.0).

(B) Signal dampening along a pathway in which o;= 1, 8; = 1.1,
X =1, and C; >> 1. The inset shows a case in which signal dampen-
ing occurs in the upper part and signal amplification in the lower
part of the cascade (o;= 1, 3; = 0.6, A = 10).

of an extremely slow phosphatase or fast kinase in a
cascade. In such cases, the simplification X; << C; is
no longer valid.

We first consider the properties of a system that is
permanently in a strongly activated state. From the con-
dition dX/dt = 0 one derives from Equation 2:

X = L

&Ci + Xi

Q;

) (12)

which relates the concentration of the activated form of
kinase (X)) to that of its upstream activator (X;_). This
formula is similar in form to the Michaelis-Menten equa-
tion [V,,.,S/(K,, + S)] with C; being the maximum concen-
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Figure 4. Effect of the Length of a Signaling Pathway on Signal
Output

(A) The signal duration 3 was calculated as a function of the length of
the pathway (n) for overall ampilifications of S,/S, = 0.1, 1.0, and 10.0,
respectively. Other parameters were: o;= 1, A\ = 5, and C; >> 1.

(B) Shown is the time-dependence of the signal output, calculated
forn = 2, 3, and 4 and an overall amplification of S,/S, = 10. These
calculations were performed with o; = 1, A = 5, and C; >> 1, and
different B values to keep the amplification constant; n = 2, B =
0.0141 (29 = 100.0); n = 3, 3 = 0.1076 (A9 = 16.1);n = 4,3 =
0.2166 (A9 = 9.3).

tration of X; (analogous to V,,,,) and C;/«; being the half
saturation constant (analogous to K,).

From Equation 12, it follows that signal amplification
at step i (i.e., X; > X;_4) occurs if

m4<qb—@) (13)
Q;

As in a weakly activated pathway (see above), B; < «; is
a necessary condition for amplification (lest the term on
the right side of condition [13] be negative). However,
in a strongly activated pathway, this condition is not
sufficient. Instead, condition (13) shows that the concen-
tration of the activated kinase X;_; also must be lower
than the total concentration of the next kinase (C); in-
deed, it may have to be considerably lower unless the
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Figure 5. Signal Amplification in a Strongly Activated Pathway

The concentrations of the activated kinases (1-3) in a pathway were
calculated for a permanently activated pathway (A = 0) as a function
of the concentration of activated receptor. The parameter values
were o; = 1, B; = 0.3, and C; = 1. For comparison, the concentration
of the activated receptor, R, is shown. Amplification (visualized as
the distance between the curves 1, 2, and 3 at given R) occurs
below the indicated threshold, R = C(1 — B/«;). Above this threshold,
the signal is dampened along the pathway to reach a limiting value.
Calculations were also performed for C; >> 1, corresponding to the
weakly activated case (dashed lines).

values of B; and «; are similar. Thus, signal amplification
is less pronounced if a pathway is strongly activated.

Equation 12 can be applied repeatedly to relate the
concentration of kinase i to the concentration of the
activated receptor. Written in reciprocal form, one ob-
tains

1_ g1 (B, 1B
v=3c M2+ oI (14)
X S G PRTRY PR | ey
Equation 14 is again a Michaelis Menten-like equation
of X; as a function of the receptor concentration (R):

max,
X - XM*R

= , 15
Kw, + R (19)

where Ky, is the effective Michaelis constant for the
receptor and X" is the maximum concentration.

These equations imply that the behavior of a signaling
system depends on the degree of its stimulation (Figure
5). For weak activation and 3; < «;, gradual signal amplifi-
cation along the pathway is observed, as discussed
before (Figure 3A and compare the dashed lines for
kinases 1 to 3 at a given value of R in Figure 5). In
contrast, strong activation (Figure 5, solid curves) gives
lower levels of amplification, and amplification occurs
only if the activated receptor R does not exceed a
threshold concentration. If R is equal to the threshold
level, the signal is propagated without amplification or
dampening. Above the threshold, the signal decreases
along the pathway to reach a limiting value.

Weakly and strongly activated pathways also differ
when time-dependent signaling is introduced (i.e., when
the pathway is not permanently activated as above).
Consider the three possible routes to a strongly acti-
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vated pathway: (1) strong receptor stimulation, (2) a par-
ticularly slow phosphatase, or (3) a particularly fast ki-
nase in the cascade. When the receptor is strongly
stimulated and the phosphatases are fast compared to
receptor inactivation, the cascade will quickly attain a
quasi-steady state, during which kinase activation will
decay slowly. Since this is a highly asymmetrical time
course, we can define the signal duration as the time ¥
at which the concentration of the activated form of the
last kinase (X,) has declined to half of its initial quasi-
steady-state value.

Inserting an expression for exponential decay of the
activated receptor into Equation 15, one obtains

Y= %In(2 + ﬂ). (16)

The (1/)\) term also applies to a weakly activated path-
way with fast phosphatases (see Equation 8), but the
additional term is specific for strong activation. The lat-
ter can increase the signal duration drastically if the
receptor concentration is high and the effective K, value
(as defined in Equation 15) is small. The effective Ky
value, in turn, depends on the rate constants and the
length of the chain. To illustrate the property of the
solutions of Equations 14 and 15, we set all o’s equal,
all B’s equal, and all C’s equal (a; = o, B; = B, and C; =
C). This allows a simplification of Equation 14 by
applying the rules of geometric progression

_ CR/ay (Bl — 1)

Ko (B/ay — 1

an
Thus, long signal duration, caused by small Ky, (Equation
16), will be seen if B < « and n is large (Equation 17).
In the extreme case of B << «, the signal duration is
linearly dependent on the number of steps in the cas-
cade. Hence, signal duration can be much longer in a
strongly activated (Equation 16), compared to a weakly
activated (Equation 9), pathway. Moreover, in contrast
to weak activation, the rate constants of both phospha-
tases and kinases (not phosphatases alone; see above)
determine signal duration.

Similar analyses can be performed for pathways con-
taining a slow phosphatase or a fast kinase. Assuming
that the rate constant B; for phosphatase j is much
smaller than that of the other phosphatases and setting
the latter all equal (B; = B for i # j), signal duration can
be approximated by the formula

g=0"10, (ﬁ) . (18)
B B

For pathways with a fast kinase, the approximate solu-

tion is

9= a,,1|n(%), (19)

where 9;_, is the signaling time up to step j—1 and o;
is the rate constant for the fast kinase (for derivation
of Equations 18 and 19, see supplemental data at
http:www.molecule.org/cgi/content/full/9/5/957/DC1).

As is the case for strong receptor activation (and
again, unlike for weak activation), with either a slow
phosphatase or a fast kinase, the signal duration for a

pathway is dependent on the rate constants of the ki-
nases as well as the phosphatases. However, the impact
of the kinases remains lower, since they affect signal
duration logarithmically (see Equations 18 and 19). Also,
in a strongly activated pathway, upstream phospha-
tases have a greater effect on signaling time and dura-
tion than downstream phosphatases (Equation 18),
whereas with weak activation, phosphatase effects are
position independent (Equation 8). It may be shown that
the basic conclusions based on Equations 18 and 19
do not depend on the specific simplifying assumptions,
as long as there is no other particularly slow phospha-
tase or fast kinase in the pathway (data not shown).

In our analysis so far, we assumed that all downstream
kinases are inactive prior to receptor stimulation. We
have also considered the possibility that a downstream
kinase(s) () may be active constitutively, by assuming
that j can autoactivate either in a mono- or bimolecular
reaction (for details, see supplemental data at http:www.
molecule.org/cgi/content/full/9/5/957/DC1). In realistic
pathways, the basal activity should be low, and the sys-
tem will behave similarly to those considered above,
except that the effects caused by receptor stimulation
will be less pronounced. Similar conclusions apply if the
unphosphorylated form of a kinase has some activity.

Crosstalk between Signaling Pathways

Binding of an agonist to its receptor may activate several
different signaling cascades, which may influence one
another by crosstalk. For example, PDGF receptor stim-
ulation leads to the activation of the Ras/ERK and PI3
kinase/Akt pathways; the latter may inhibit an ERK-spe-
cific phosphatase, contributing to sustained ERK activa-
tion (Grammer and Blenis, 1997).

We model crosstalk by considering the perturbation
of a given signaling cascade by component Y of another
pathway (Figure 6A). If component Y inhibits phospha-
tase i in the pathway, one may write

B
Yl

1+~
K

B = (20)

where B! is the rate constant of the phosphatase i in the
unperturbed situation and K is the inhibition constant.
The concentration of component Y is assumed to be
proportional to the concentration of the activated recep-
tor R.

To obtain explicit solutions and a qualitative descrip-
tion of the system, we assume that component Y inhibits
all phosphatases and set the parameters of the different
steps equal (o; = a, B; = B, and C; = C). Substituting
expression (20) for B; in Equation 12, the concentration
of active receptor at which the signal is propagated at
constant level through the pathway can be calculated
from the following quadratic equation:

R*+ (K, — C)R — K.C(1 - %0) =0. (21)

The solution of this equation gives values of R that sepa-
rate signal dampening from signal amplification. If this
equation has only one positive solution, the system be-
haves identically to the unperturbed pathway analyzed
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Figure 6. The Effect of Crosstalk on a Signaling Cascade

(A) Shown is a scheme in which a pathway similar to that in Figure 1 is affected by a component Y of another pathway. Both pathways are
downstream of the same receptor. Component Y can act either on the kinase or phosphatase of step i in a positive or negative manner.

(B) All phosphatases of a signaling pathway are assumed to be inhibited by component Y. Shown are the concentrations of the activated
kinases i calculated as a function of the concentration of a permanently activated receptor (A = 0). Parameter values: n = 4, %« = 2, C =
1, K, = 0.1. Amplification occurs only between the thresholds R~ and R*, and outside this region dampening is observed. For comparison,
the dashed line shows the signal output (X,) in the absence of crosstalk and with B = 0.23.

(C) Parameter regions corresponding to the different behavior of a cascade with crossinhibition of the phosphatases. The rate constant for
the phosphatases () in the absence of inhibition is plotted against the inverse of the inhibition constant in a double logarithmic manner.
These calculations were performed with o; = 1. Parameter region | corresponds to amplification and gives an S-shaped curve, such as that
shown in (B). Under these conditions, the time-dependence shows a sharp signal (see [D]). Parameter region Il results in signal dampening
along the pathway. Region Il results in curves without a lower threshold and with sustained signaling (D).

(D) The time course of the signal output is calculated for parameter values corresponding to the points A and B in parameter regions | and
Il (C). For point A we choose B° = 2 and for point B g° = 3. Other parameters are: K, = 8.0 X 1074, \ = 1. t, is the time up to which the
phosphatase inhibition is effective (see Equation 22). For comparison, calculations were performed for the case in which the kinases are
activated by a component of another pathway (K, = 8.0 X 1074, g° = 0.3, dashed line). Only the initial phase of the time course is shown; at
later time points the curve essentially coincides with the solid line.

before. However, if this equation has two positive solu- low but insensitive at high concentrations (Figure 5 and
tions, there are two threshold values for R (R~ and R*; dashed curve in Figure 6B).

Figure 6B), as in the case of strong activation without Different combinations of B° and K, lead to distinct
crosstalk (see Figure 5 and dashed line in Figure 6B). types of system behavior of the system (Figure 6C). In
Consequently, there are three distinct regions in which shaded area |, corresponding to strong inhibition (i.e.,
the system displays different properties: below R, there low K)), Equation 21 has two positive solutions. For pa-
is signal dampening along the pathway, between R~ rameter combinations outside this shaded area, the sys-
and R™ there is amplification, and above R*, there again tem behaves as if there were no crosstalk: in area I,
is dampening. The resultant system has two novel prop- dampening occurs for all R values, whereas in area lll,
erties. First, it filters out small signals (i.e., below R7); amplification occurs for R values below and dampening
only signals above this noise will be amplified. Second, for R values above a certain threshold value (see Figure
the system remains sensitive over a wide range of recep- 5). Although these calculations were performed for a
tor activation (Figure 6B), whereas in an unperturbed drastically simplified systems (a’s, B’s, and C’s are

pathway, the signal output is extremely responsive at equal), qualitatively similar results are obtained as long
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as the respective kinase and phosphatase rate con-
stants are not extremely different from one another (not
shown). The most interesting consequence of crossin-
hibition of phosphatases is seen in the time-dependent
behavior of the system. Figure 6D shows plots of the
signal output of a four component pathway as a function
of time. Both curves are calculated for the same low K|,
i.e., for strong inhibition of the phosphatases. Curve llI
is derived using the parameter combination correspond-
ing to point B in Figure 6C (area lll, low phosphatase
activity) and shows long signal duration. Curve | is calcu-
lated from the parameter combination corresponding to
point A in Figure 6C (area |, high phosphatase activity)
and shows spike-like behavior. After receptor stimula-
tion, the kinases are initially fully activated by the inhibi-
tion of the inactivating phosphatases, but the subse-
quent release of inhibition results in rapid termination
of signaling. The duration of the phase during which the
phosphatases are strongly inhibited (R(t.)/K, > 1) can
be approximated by

g%m@. 22)

Beyond t,, the signal decays as in an unperturbed path-
way, fast for parameter combinations corresponding to
area | in Figure 6C and slow for those represented by
area lll.

This spike-like behavior is a qualitatively novel behav-
ior of the system, which cannot be observed without
crosstalk. In an unperturbed system, short signals (high
phosphatase rates) are always linked to low amplitude.
With crosstalk, however, amplification and short signal
duration can coexist. Interestingly, transition from a pro-
longed to a spike-like response can occur with relatively
minor changes in the rate constants of the system (see
legend to Figure 6D). This may explain how relatively
moderate alterations of the conditions can lead to mark-
edly different qualitative responses by the same signal-
ing pathway.

Although thus far we have assumed that all phospha-
tases are inhibited simultaneously by component Y,
qualitatively similar (although less pronounced) effects
are seen if only one phosphatase is inhibited (not
shown). The further upstream in a pathway that phos-
phatase is located, the stronger these effects (see Equa-
tion 18). This predicts that phosphatases regulated by
crosstalk may be preferentially located at the beginning
of a signaling cascade.

Qualitatively similar results are obtained when cross-
talk with another pathway leads to strong activation of
a kinase o; = o/(1 + Y/K,). The same three parameter
areas as in Figure 6C exist. The kinetics differ only at
early time points, during which activation of kinases
leads to immediate stimulation of the pathway (see
dashed curve in Figure 6D). At later times, the signal
output remains unchanged.

These effects of crosstalk can be seen only if a phos-
phatase is strongly inhibited or a kinase strongly acti-
vated (by a factor of 100-1000). Since such drastic
changes are difficult to achieve with activations, inhibi-
tion of phosphatases may be more relevant physiologi-
cally. Notably, the two other possible effects of cross-

talk, i.e., leading to activation of a phosphatase or in-
hibition of a kinase, cause signal dampening (not shown).
Although such interactions may be important for the
detailed response of a system, the more decisive cross-
talk mechanisms are activation of kinases and, particu-
larly, inhibition of phosphatases.

Stability of Signaling Pathways

Signaling pathways must be stable in the off-state; i.e.,
gratuitous kinase stimulation should be dampened,
rather than amplified. In mathematical terms this re-
quires that, upon an infinitesimal change in the concen-
tration of an activated kinase, the system must return
to its ground state.

One source of instability can be a positive feedback
loop. Consider the case in which the last kinase in a
pathway activates the first kinase. The term o;R in Equa-
tion 3 is then replaced by o;R + €X,,, where € is the rate
constant that characterizes the positive feedback. The
conditions under which the ground state (X; = 0) exhibits
dynamic instability can be derived from the Eigenvalues
of the Jacobi matrix:

B1B2---Bn < €tp...ty - (23)

If this relation is fulfilled, the signaling cascade may be
activated in the absence of receptor stimulation and
cannot return to the ground state following receptor
inactivation. Notably, the conditions for instability
(Equation 23) are identical to the amplification condi-
tions B4B2...Bn < aya...a, derived from Equation 10 for
permanent pathway activation A — 0, except that «; is
replaced by €. Thus, high amplification also is potentially
destabilizing. Indeed, a pathway can show amplification
and be stable only if the feedback parameter e is smaller
than «;. These considerations suggest that positive
feedback interactions may be infrequent in signal trans-
duction pathways. However, some signaling systems
are bistable, i.e., they can switch from one stable state
at low level activation to another at high level activation,
and such a behavior can be caused by positive feedback
interactions (Ferrell, 2002; Hofer et al., 2002). As the
switch-like behavior is required only for signal output,
e.g., for a transcriptional response, the positive feed-
back loop may be restricted to downstream portions of
a pathway.

Another cause of instability may be insufficient kinase
specificity. Consider the case in which kinase j can phos-
phorylate not only its normal substrate j + 1 but also
kinase i with the rate constant «;. The differential equa-
tions then read

X _ (S x|(1-%_ g
Sl

The consequences of kinase promiscuity for the stability
of the system can be best appreciated if one assumes
that each kinase phosphorylates its immediate down-
stream target with the rate constant o and all other
kinases in the pathway with the rate constant e. The
solution of Equation 24 results in parameter plots with
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Figure 7. Kinase Promiscuity Results in Signaling Pathway Instability

The rate constant of the phosphatases § is plotted versus the rate
constant e that describes the crossphosphorylation of kinases out-
side the actual pathway. These calculations were performed for a =
1 and different pathway lengths (n = 2, 4, or 6). Shaded areas
correspond to parameter regions in which the system has a stable
off-state and displays amplification when activated. Above this re-
gion there is a stable off-state and dampening along the pathway
after activation, whereas below this region, the off-state is unstable.

three possible outcomes (Figure 7). Below the shaded
area, i.e., for low phosphatase activity (3 small), the off-
state of the pathway is unstable. Within the shaded area
(intermediate B values), the pathway is stable and signal
amplification occurs. Finally, with high phosphatase ac-
tivity (high B), the system is stable but displays signal
dampening. The higher the rate constant e for nonspe-
cific phosphorylation (i.e., the more promiscuous the
kinases), the stronger the tendency toward instability.
Increasing the number of kinases in the system also
increases the tendency toward instability (Figure 7; note
the increase in the area below the shaded region with
increasing n). Thus, the kinases in a system need to be
very specific to achieve stability, particularly if one takes
into account the large number of kinases in cells. A
further implication is that the broadening of the sub-
strate range of a kinase, either by mutation or overex-
pression, may lead to instability. This may help explain
the pathogenic consequences of some oncogenic muta-
tions (Songyang et al., 1995; Piao et al., 1996).

The Role of Scaffolding Proteins

Many signaling pathways utilize scaffolding proteins
that bind multiple kinases in the pathway (for review see
Pawson and Scott, 1997). Several potential functions
for scaffolding proteins have been proposed.

One possibility is that scaffolding proteins serve to
activate a group of kinases. We consider a pathway in
which the component kinases are active only when
bound to a scaffolding protein, F. Assume that F binds
three consecutive kinases (e.g., the JIP proteins in the
stress-activated JNK pathway; Whitmarsh and Davis,
1998). The following equilibria can be written

F-T,_p FOT,_
FTy "(FTT) "
(FTT)T, _
FTTT) "

(25)

where T, T;, and T, are the concentrations of the free
kinases, the species in brackets are binary, ternary, and
quaternary complexes of F with its kinase binding part-
ners, and the D’s are dissociation constants. Using these
equations, the concentration of the active species can
be calculated from the total concentrations of the ki-
nases and the scaffolding protein F,,. Figure 8A shows
the concentration of the active species as a function
of F,, assuming that the active complex contains the
scaffolding protein and all three kinases (FT,T,T). The
solid line (n = 3) illustrates the system’s behavior when
the kinases bind tightly to F (i.e., low dissociation con-
stants): the active complex increases linearly to reach
a maximum at which the concentrations of scaffolding
protein and kinases are about equal, and thereafter,
decreases steeply. The sharp decline reflects the de-
creasing probability that all three kinases will bind to
the same scaffolding protein simultaneously (a situation
analogous to decreased immune complex formation in
the presence of antibody excess). If only two kinases are
required to generate the active complex, the decrease is
less pronounced (Figure 8A, solid line; n = 2). Alterna-
tively, if the kinases bind to the scaffolding protein
weakly (high D’s), only a small fraction of the total popu-
lation of kinases is found in the active complex under
any condition (dashed curve; n = 3). These results show
that the scaffolding protein allows efficient signaling
only below a critical concentration. However, a large
fraction of the kinases remains unutilized by the path-
way. Obviously, such a situation would only be meaning-
ful if the unbound kinases were essentially inactive. The
fact that scaffolding proteins may either stimulate or inhibit
signaling, depending on their concentration, may explain
differences in the observed effects of scaffolding protein
overexpression (e.g., Gu et al., 1998; Zhao et al., 1999).

Although more speculative, another possible role for
scaffolding proteins could be to sterically hinder phos-
phatases from acting on bound kinases. To analyze this
situation, we assume again that the scaffolding protein
can bind three kinases, resulting in a total of eight spe-
cies in which the scaffold-bound kinases have different
phosphorylation states (indicated in Figure 8B by “0” or
“P” at the three positions within brackets). If phospha-
tases cannot act on the bound kinases (scheme | in
Figure 8B), dephosphorylation is possible only after re-
lease of all kinases (dashed arrow). If the phosphatases
can act on the bound kinases, there are many potential
pathways for phosphorylation-dephosphorylation (see
arrows in scheme Il of Figure 8B).

For both schemes, we have calculated that the signal-
ing rate and signal duration, assuming that the amplitude
of the signal output, species (PPP), has a given value.
In Figure 8C, the signaling rate is plotted versus the rate
constant of receptor inactivation (\). For both schemes,
signaling becomes extremely slow if receptor inactiva-
tion is slow (\ close to zero). If receptor inactivation is
fast (\ close to 1), the rate constants for the phospha-
tases have to be small to achieve a given amplitude,
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Figure 8. Signaling Involving a Scaffolding
Protein

1 (A) A scaffolding protein, F, was assumed to
bind three kinases (n = 3) to give an active
signaling complex. The concentration of this
complex is plotted versus the total concen-
tration of F (F). The solid and dashed lines
were calculated for strong D = 0.001 and
weak D = 0.1 binding, respectively. Also
shown are the results of calculations per-
formed for a scaffolding protein that binds
only two kinases (n = 2; D = 0.001).

(B) Reaction schemes describing the possi-
ble effects of phosphatases on kinases

0 2 4 6 8

(00P)

(0PO), \ | (O0PP)

(PPO)

bound to a scaffolding protein. “P” and “0”
denote phosphorylated and nonphosphory-
lated kinases, respectively. The pathway is
assumed to be stimulated by phosphoryla-
tion of the first kinase, and its output is the
state (PPP). In scheme |, phosphatases are
prevented from acting on bound kinases and
therefore can inactivate the kinases only after
their release from the scaffolding protein
(dashed arrow). In scheme I, the phospha-
tases can act on each activated kinase bound
to the scaffold. Solid and dashed arrows indi-
cate possible phosphorylation and dephos-
phorylation steps.

(C) Signaling rate is plotted as a function of
the rate constant for receptor inactivation for
the case in which the amplification factor is
S(PPP)/R = 1. These calculations were per-
formed for a weakly activated pathway by
solving three systems of linear algebraic
equations for the integrals defined in Equa-
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tion 4. For scheme |, explicit expressions for
the signaling rate are obtained. For scheme
I, the corresponding linear equation systems
are much more complex and were solved nu-
1 merically. The calculations were performed
with « = 1 and different B values to keep
the amplification constant. The upper curve
corresponds to scheme | in (B), whereas the
lower curve corresponds to scheme Il. The
arrow shows where the difference between
the two schemes is maximal.
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again leading to a long-lasting signal. When the two
schemes are compared, the one with restricted phos-
phatase steps (scheme |) has a faster signaling rate
(particularly in the region indicated by the double-
headed arrow). Thus, by preventing the inactivation of
bound kinases, a scaffolding protein may allow faster
signaling at a given signal output.

A third possible function of a scaffolding protein is to
allow transport of the bound kinases to the receptor at
a certain site at the plasma membrane, away from the
unbound kinases in bulk solution. In this case, signaling
would occur only locally, and the kinases need not in-
crease their activity upon binding to the scaffold. Be-
cause this situation is intuitively obvious, we have not
performed specific calculations.

Kinase Activation by Multi-Site Phosphorylation
Some kinases require multiple phosphorylation events
for full activation. For example, the MAP kinase ERK is

activated by phosphorylation at closely spaced Thr and
Tyr residues by the dual-specificity enzymes MEK1 or
MEK2 (Cohen, 2000). Here, we consider the general case
in which a kinase phosphorylates a downstream kinase
at two different sites without intermediate dissociation
(processive phosphorylation; Burack and Shaw, 2000;
Levchenko et al., 2000). If there is such a double phos-
phorylation step in a signaling pathway, the signal dura-
tion (1) can be calculated by a method similar to that
described in the Appendix:

"

1

o
+ Y ron’
B8 g'B
where 7 is the signal duration caused by the rest of the
pathway and B’ and B" are the rate constants for the
two phosphatases that inactivate the kinase regulated

by multisite phosphorylation. In contrast to cascades
with only single phosphorylation steps, Equation 26

1
+— + 26
B (26)
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Figure 9. The Effect of G Proteins

The scheme illustrates the activation of a G protein by receptor-
stimulated guanine nucleotide exchange (rate constant v.). The
activated G protein may bind to a kinase (rate constant k). Inactiva-
tion occurs by dissociation of the GTP-form of the G protein from
the kinase (y-) followed by nucleotide hydrolysis (y_).

shows that kinases that perform double phosphorylation
do affect signaling time, even under weakly activating
conditions. Interestingly, only the rate constant for the
second phosphorylation step («") plays a role; activation
of this step increases the signaling time.

The Effect of G Proteins
Many signaling pathways contain steps in which kinase
activation involves a G protein (Van Aelst and D’Souza-
Schorey, 1997; Kjoller and Hall, 1999; Symons and Set-
tleman, 2000). We consider a simple scheme (Figure 9)
in which receptor stimulation leads to the activation of
a G protein by conversion from its GDP to its GTP form
(rate constant v, ). The activated G protein then activates
akinase (with rate constant k). Inactivation of the kinase
is described by the rate constant y_. The GTP form of
the G protein dissociates from the kinase and is subse-
quently inactivated by hydrolysis of GTP (rate constant
v_). In this scheme, we assume that the GTPase-activat-
ing enzyme (GAP) and the kinase compete for binding
to the G protein, so that GTP hydrolysis only occurs on
the free G protein (Zhang et al., 1993; Warne et al., 1993).
The reactions described by the rate constants k, and
- may include several individual steps that lead to acti-
vation and inactivation of the kinase, respectively.

To allow explicit solutions, we consider a weakly, per-
manently activated pathway. For the amplitude X of the
G protein-activated kinase, one obtains

x =Yk 27)
vy

This equation is similar to the one derived for a cascade
consisting of two kinases and two phosphatases:

QX
X2 =

 BiBe

For the signaling time of the G protein-containing path-
way (Figure 9), one obtains
~r=1+1—+_1—+k—f, (29)
e S

R. (28)

which is similar to the formula derived for a kinase requir-

ing two phosphorylation events for activation:

Al 1, o

1
BB BB
The signaling time in a G protein-containing pathway
obviously depends on several parameters, including the
rate constants for GTP hydrolysis and for dissociation of
the G protein/kinase complex. Like kinases that perform
double phosphorylation, G protein-activated kinases in
a pathway can also affect the signaling time, even in
a weakly activated situation. However, in reality, the
dissociation of the G protein/kinase complex is fast (-
large; Sydor et al., 1998), and therefore the signaling
time is mostly determined by the hydrolysis rate of the
free G protein/GTP complex. In any case, however, G
protein-mediated reactions appear to be kinetically
equivalent to kinase-phosphatase steps.

(30)

Discussion

We have modeled the kinetics of protein kinase signaling
pathways. To derive analytic expressions that allow
transparency of the regulatory principles, we considered
pathways that are simplified versions of those found in
nature. Some included cascades only of kinases and
their corresponding phosphatases, but we have also
analyzed some more complex situations, including
crosstalk with parallel pathways, feedback interactions,
multisite phosphorylation, the effects of scaffolding pro-
teins, and the inclusion of G proteins. Although more
detailed simulations are required to describe realistic
systems, our basic models allow general conclusions
that likely apply to a large number of pathways. These
models also provide a framework for evaluating quanti-
tative kinetic data on signaling pathway components.

We focused on three key parameters that describe
the behavior of signal transduction pathways: the ampli-
tude of signal output, the signaling time (or its inverse,
the signaling rate), and the signal duration. These quanti-
ties may not account for the detailed kinetics of all sig-
naling systems (e.g., oscillations), but they should be
sufficient to describe most responses. Moreover, each
of these parameters may have biological impact. For
example, a critical signal amplitude may be needed to
evoke a biological effect. Signal amplification may not
always be required, so long as the signal arrives at its
final target (e.g., a specific transcription factor). Most
likely, fast signaling is desirable in all signal transduction
pathways. However, signal duration may have to be
short in some cases, for example, in a metabolic re-
sponse, and longer in others, such as in a transcriptional
response.

Our analysis reveals that these signaling parameters
are determined by different components of signaling
systems. For example, the signal amplitude is influenced
more by kinases than by phosphatases. Signaling rate
and duration, on the other hand, are mostly regulated
by phosphatases. In the simplest pathway undergoing
weak activation, the kinases have no role in determining
signaling rate or duration. In more complicated systems,
kinases can have a moderate effect, but one still less
than the phosphatases. A recent numerical simulation
supports these conclusions for the specific example of
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the ERK MAP kinase pathway (Asthagiri and Lauffen-
burger, 2001). Obviously, the amplitude of signal output
is limited; its maximum is reached when the final target
is fully phosphorylated. In contrast, signal duration can,
at least in principle, be unlimited. Thus, phosphatases,
which largely determine signal duration, can have a sig-
nificantly stronger effect than kinases on the biological
outcome of a pathway. This critical role of the phospha-
tases is limited to normal signaling, in which the system
returns to an inactive ground state. In contrast, when a
signaling pathway is permanently on, kinases can play
a major role (see Equations 10 and 12). Indeed, many
known oncogenic mutations cause constitutive activa-
tion of a kinase.

Our results also suggest that phosphatase inhibition
is the most effective way that one signaling pathway can
influence another. Phosphatases generally have high
catalytic efficiency, with rate constants much higher
than kinases. Our analysis shows that signal amplifica-
tion can occur only when the kinase rate constants ex-
ceed those of the phosphatases (i.e., o;> B)). The optimal
situation should occur when a phosphatase at the begin-
ning of a signaling pathway has a high basal activity
and is inhibited during early stages of signaling. Such
a system would maintain a stable off-state, permit signal
amplification after receptor stimulation, and allow fast
signal termination following receptor inactivation. An ex-
ample of such regulation is provided by the tyrosine
phosphatase PTP1B, which regulates signaling from
several RTKs. PTP1B has a high turnover number (Tonks
et al., 1988; Zhang et al., 1994), and recent evidence
suggest that it is transiently inhibited by reactive oxygen
species generated upon RTK activation (Lee et al., 1998;
Mahadev et al., 2001). In simple signaling systems, we
find that high amplification can occur only with slow
signaling rates and long signal duration. More complex
systems, such as those involving crosstalk with other
pathways, gain flexibility, allowing amplification to be
combined with fast and transient signaling. Crosstalk
also allows small parameter variations to cause drastic
changes in signal duration. This may help explain why
the same pathway can respond differently when stimu-
lated by two different receptors; for example, EGF stimu-
lates the MAP kinase pathway in PC12 cells only tran-
siently, leading to proliferation, whereas NGF causes a
sustained response that evokes neuronal differentiation
(Traverse et al., 1992; Marshall, 1995).

We studied two principle regimes at which a signaling
pathway may function: weak versus strong activation.
Highly activated pathways have the disadvantage of
displaying lower amplification potential and long signal
duration. Under physiological conditions, most path-
ways are likely to be weakly activated. However, in cer-
tain pathological states, such as in a cancer cell, high
level activation may exist and be sustained. A transiently
high phosphorylation state of a kinase may occur even
under physiological conditions, if regulatory mecha-
nisms exist that result in its fast decay.

Our analysis reveals multiple mechanisms that regu-
late signaling pathway stability. If the kinases are not
exquisitely specific or if positive feedback interactions
occur, random stimulation of a kinase can lead to activa-
tion of the pathway in the absence of receptor stimula-
tion, which may have catastrophic consequences. The
longer the pathway, the more severe this problem be-
comes. Phosphatases play a critical role in preventing

gratuitous pathway activation. Spurious activation of a
cascade can also be suppressed if at least one of the
kinases in a pathway requires dual signals for activation
(mathematical analysis not shown). For example, p70
S6 kinase | requires binding of the activated small G
proteins Cdc42 or Rac, as well as multisite phosphoryla-
tion, before it can be fully activated by the kinase PDK1
(Chou and Blenis, 1996). A stable off-state is maintained
because neither the random activation of the G protein
nor the upstream kinases alone can activate the path-
way. Scaffolding proteins also may ensure stability be-
cause they may prevent bound kinases from phosphory-
lating random targets. In addition, amplification of
random noise can be minimized if signal amplification
is distributed over several steps in a pathway.

Analysis of more complicated signaling pathways
suggests that scaffolding proteins may serve several,
not mutually exclusive functions. One possibility is that
kinases become activated only when bound to a scaf-
folding protein. In this case, the kinases either are not
utilized efficiently for the given pathway or are prevented
from interacting with each other, depending on the rela-
tive concentrations of kinases and scaffolding protein;
similar conclusions were reached from a numerical sim-
ulation (Levchenko et al., 2000). A second possibility is
that scaffolding proteins might allow faster signaling in
the pathway by preventing phosphatases from acting
on the bound kinases. Finally, and likely most important,
a scaffolding protein may allow a complex of consecu-
tive kinases to be recruited to an activated receptor at
the plasma membrane, leaving the unbound kinases
inactive in bulk solution. The complex could even be
transported to a distant location, as is the case for JIP,
which is transported by kinesin to the tips of neurites
(Verhey et al., 2001).

Signaling cascades that contain G proteins turn out
to be surprisingly similar to those consisting only of
kinases and phosphatases. Our analysis shows that the
rate of GTP hydrolysis of the free G protein/GTP complex
largely determines signal duration. This is consistent
with the fact that oncogenic mutations in the G protein
Ras decrease its ability to interact with RasGAP and
thus its ability to undergo GTP hydrolysis (Bos, 1997).

Finally, our analysis reveals striking differences in the
regulation of signaling and metabolic systems. Signaling
cascades can show amplification; indeed, amplification
is a key feature of most signal transduction systems. In
contrast, metabolic systems typically exhibit dampening
along the pathway. In addition, all components of a
signaling system determine the amplitude of signal out-
put, whereas in a metabolic pathway control by individ-
ual enzymes is generally small (Heinrich and Rapoport,
1974; Kahn and Westerhoff, 1991; Mazat et al., 1996).
Because signal transduction pathways are more sensi-
tive to the properties of their components, they require
a special design that permits both stability of the ground
state and high signal output upon stimulation.

Appendix

Calculation of Signaling Time, Signal Duration, and
Amplitudes for a Weakly Activated Pathway

The quantities may be calculated without using the ex-
plicit solutions Xi(t) of the differential equation system
(7). Taking into account that the signaling pathway is in
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an off-state at the beginning of the process (t = 0) as
well as after decline of the receptor activity (t — «), one
derives from Equation 7 for the integrated response of
all kinases the following recurrent formula:
®
I,' = *’I,'71. (31)
Bi
Note that R(t) = R exp(—A\t) implies I, = R/\. Then, Equa-
tion 31 yields the following expression for the integrated
response for any kinase
R. o
=T1=. (32)
N B
Multiplication of Equation 7 by t and subsequent inte-
gration yields

I;:

li=—oTi 4+ BI7-I (33)

where the left sides of the equations result from integra-
tion by parts. Dividing Equation 33 by /; gives
Tioalis T;
—a——"+ Bi—, 34
TP ¢4
which simplifies with the definitions of T and Equation
31 to

1= _UliTi—1& + B (35)

i

Obviously, the rate constants «; cancel out, resulting
in a recurrent formula for 7 that only depends on the
constants f3;:

T = T + l (36)
Bi
Since 1, = 1/\, this gives immediately expression (8) for
the signaling time.
The derivation of the formula for the signal duration
is done in a similar way. Multiplication of Equation 7 by
t> and subsequent integration yields

2T, = —aQi— + BiQi . (37)

Again, the left hand sides of these equations result from
integration by parts. Combination of Equations 31-37
yields the recurrent formula
2 — 2 1
9 =92, + § (38)
With 9% = 1/\?repeated application of Equation 38 gives
expression (9) for the signal duration.

By using definition (6), an explicit expression for the
amplitude S; follows directly from the expressions for
the integrated response /; and for the signal duration ;.

Although not mentioned in the text, the present treat-
ment allows for the calculation of ATP consumption
during signaling. Assuming that each kinase step is cou-
pled to consumption of one molecule of ATP, one de-
rives from Equation 2

AATP = I g fx,-,1(1 - g)dt. (39)

=1

In the case of a low level activation, integration can be
easily performed, and one obtains

n
AATP = E Q; I,'71 (40)

i=1

i.e., ATP consumption s directly related to the integrated
response (Equation 4) of all kinases.
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